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ABSTRACT: In this series of papers new results and a brief review of the current state of mean-field theories
of the condensed globular state and of the globule-to-coil transition in the ©-region for a linear, homogeneous,
noncharged macromolecule are presented. As a basis of our consideration, we use both Lifshitz’s theory and
interpolation Flory-type theory. Complete quantitative theoretical results are obtained and compared with
experimental data. In this paper (the third in this series) we analyze quantitatively interactions between
chains in a poor solvent. At first we calculate density distributions and the interaction free energy for two
globules equilibrated at an arbitrary distance { from each other; a special method has been used for this
calculation based on the introduction of two auxiliary uniform fields which do not perturb the globules’ inner
structures but fix the value of {. Then we calculate the corresponding pair virial coefficient and the coexistence
binodal curve on the T-¢ plane in the second virial approximation. We estimate also the spinodal T-c curve.

1. Introduction

In accordance with the outline of the series of papers,!
here we discuss the problems connected with chain—chain
interaction in a poor solvent. Different aspects of the
problem were discussed theoretically in refs 2-8. There
exists also a number of experimental works dealing with
polymer precipitation in a poor solvent (see, for example,
refs 9-13). The detailed quantitative theory, presented
below, will be compared with experiments in the fourth
paper of this series.

The key point of our approach in this paper is the
evaluation of the pair virial coefficient of chain—chain
interaction. The value of this coefficient can be expressed?

as
=1 {1 ex[ siage _ Four§ ]}d3 )

Here Fsmgle and Fpyi({) mean the values of free energy
respectively of a single chain equilibrated in the solvent
under some given conditions and of two chains placed at
adistance { from each other in the same solvent and under
the same conditions; T stands for the temperature. (The
usual chemical definition of A; differs from this one as
Ajusua) = (N,/M?)A,, where M is the molecular weight
and N, is Avogadro’s number.) The difference

ff( D F pur( O mgle

can be interpreted as the effective potential energy of
chain—chain interaction through the solvent medium.

This paper is organized as follows. Insection 2,inorder
to calculate the pair free energy Fi.ir({), we analyze the
state and the density spatial distribution of two chains
placed at a fixed distance { from each other. Using these
results, we calculate and analyze in section 3 the second
virial coefficient (eq 1) of globule—globule interaction. At
last, section 4 is devoted to the binodal (coexistence) and
spinodal curves of a polymer solution.

2. Effective Potential of Chain—Chain
Interactions in a Poor Solvent

Let us consider the system of two polymer chains of the
same chemical nature in a sufficiently poor solvent, where
each chain itself should collapse to the globular state. In
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the most interesting and nontrivial case the distance {
between globule mass centers is comparable with their
own size B. Due to the attraction of monomers in this
case both globules should draw out to each other.

Such adrawn-out structure cannot be described in terms
of a single scalar order parameter like the expansion factor
o. Forexample, thisis whysomenoncontrolled and nonob-
vious suppositions were inevitable in ref 4, where attempts
were made to describe intermolecular 1nteractlons in the
framework of Flory-type theory.

Our plan is to use Lifshitz-type theory. The spatial
density distribution, which is the order parameter in this
theory, can be used, of course, for the structure description
of a stressed nonspherical globule, but the following
problem exists. Lifshitz-type theory is of the self-
consistent type, and, therefore, it is based on a free energy
minimization procedure. The two-chain free energy Fpqir-
(), however, has no minima at any nonzero distance {.
The free energy minima correspond only to the globules
merging with each other, i.e., to { = 0.

Our solution of this problem can be explained in two
ways: physically and mathematically. From the physical
point of view, the idea is to introduce two fictitious uniform
fields; the first field acts on a first chain, and the second
field acts on another chain. These two fields pull the
globules in opposite directions. Beinguniform, these fields
do not perturb the globules’ inner structures. In the
meantime, the values of these fields can be chosen in such
a way that they cause the given value of the distance
between globules.

Let us consider our approach in more detail. As usual,
the free energy of our system in the framework of mean-
field theory should be written as

= F(mt) + F(el)

pair pair 2)

where I"(p‘:f,’ describes volume interactions between mono-
mers and F&) = —TSpair corresponds to the conforma-
tional entropy of chains.

Theinteraction energy Fint) depends on the total density
of the monomers only, since all the monomers of both
chains are identical. If we denote the spatial density
distribution of the monomers of the chain number i (i =
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1 and 2) as n;(X), then the total density will be
n(X) = nl(X) + ng(x)

and, therefore, the interaction energy can be written in
the form

F = [e(n(X)) dx ®)

Here, as in the previous paper of this series,! f*(n(X)) =~
TBn? + TCn® + ... is the interaction energy of the link
system, and B and C are the interaction constants of quasi-
monomers.

The elastic energy (i.e., polymer conformational en-
tropy), contrary to the interaction energy, depends for
each chain on its own density only:

Spajr = Ssingle{nl(x)} + Ssing]e{n2(x)} (4)

where the standard Lifshitz expression! is valid for single-
chain entropies:

Ssingle{ni(x)} =
[ In @Uvd% = 0 [9,X) apX) &% (4a)

n,(X) = ¢’ X)

2 = 1 + a2A stands for the linear memory operator, and
a is the link size for the standard Gaussian model of the
chain.

Three conditions should be taken into account for the
free energy minimization: in addition to the ordinary
requirement of conservation of the total number of
monomers for each chain

frX d*x =N, (=1and2)

the distance between the mass centers of the two chains
must be fixed:

. anl(X) d3x anZ(X) d3x
A A A

Therefore, three Lagrange multipliers (A;, A, and E) should
beintroduced, and the following effective potential should
be minimized:

G=F"™-T§, -TS,-
M 1K) d% = NyT = AL [y (X) d% - N,] -

[ [Xn,X) & [XnyX) & *]
E NN ®

The last term plays the role of the energy of chains in the
external uniform field £E, and this is the mathematical
nature of our approach.

Further calculations can be done automatically (see the
appendix for details): (I) potential (eq 5) minimization
leads to the corresponding Euler equations (eq A1) for the
equilibrium density distribution of both chains; (II) these
equations can be simplified by the virial expansion and
by neglect of more than three-particle terms; (III) the use
of dimensionless variables gives some additional simpli-
fications; (IV) the resulting equations of the nonlinear
Schroedinger type (eq A3) are simple enough for numer-
ical solution; (V) substitution of the calculated densities
ni(X) into the free energy Fpqir{n:} expression allows us to
obtain the results of interest on Fpair({) Or ueer($).
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Figure 1. Density distributions (presented as level curves on a
half-plane) of two polymer globules placed at a fixed nonzero
distance from each other for the reduced temperature ¢ ~ -30:
(a) the first chain, (b) the second chain, (c) their summary density.

We restrict ourselves to the case of two chains of the
same length N; = No = N. The results for this case are
as follows:

A. The theory, for the single-chain case, remains to be
a three-parameter one. It involves a one-dimensional
parameter and two dimensionless ones, namely, the values
of (1) the Gaussian-coil state size of the chain aN1/2, (2)
the reduced temperature

____BN'? T-0,1/2
t—C1/4(a2/6)3/4~ %) N

and (3) the chain stiffness parameter V/C/a3 (it is
proportional to (d/l)3/2, where d and ! are the diameter
and the effective segment of the chain).

B. The calculated density distributions for two similar
interacting globules are shown in Figure 1 for a certain
nonzero distance { and the reduced temperature ¢t ~ -30.

C. The two-chain free energy Fpair({), just like the single-
chain one Fii,., scales as a3/7/C with chain stiffness and
can be written in the form

Foe(®) = T(@/ VO F oy (8:0) Q)

Here F is a dimensionless function, which depends on the
dimensionless values of ¢ (eq 6) and distance 6 ~ {. We
remind everyone that!

F ingle = T(aa/ \/E)F single(t)

D. Calculated profiles of the effective chain—chain
interaction potential are shown in Figure 2 for two values

(6)
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Figure 2. Effective potential of chain-chain interactions u.($)
= Fuair($) — 2F4ingle vs distance { using dimensionless variables for
two values of?ﬁe reduced temperature ¢ = -24 (1) and -34 (2)
in the globular range.

of reduced temperature, t =-24 and -34. Both these tem-
peratures lie in the globular range, since the coil-globule
transition point corresponds! to t = ¢, ~ -10.2,

3. Pair Virial Coefficient of Chain-Chain
Interaction

In the framework of three-parametric theory, the
expression in eq 1 for the chain coupling constant A; can
be rewritten as

A, = N'Bh(t,VCla® = t(v'C/a®)/%(6* )R, *hit,v/Cla®)
®)

where Rg, is the root-mean-square radius of gyration.

In the neighborhood of the O-point, the value of
dimensionless coefficient h was earlier calculated using
the perturbation theory:2

h=1-0.4931t(V C/a®)/?

For the globular range we calculate this value in this
paper using the above-discussed results dealing with Fy,,;-
() determination. Qur results are shown in Figure 3 on
a semilogarithmic scale log (-As/Rg,,?) versus ¢ for a few
realistic values of chain stiffness.

4. Binodal and Spinodal Curves of a Polymer
Solution

The above-obtained results allow us to analyze quan-
titatively the mean-field thermodynamic theory of the
precipitation of a monodisperse polymer solution in a poor
solvent. Of course, the mean-field approach can be valid
far enough from the critical point only.

The opposite limiting case of the critical point neigh-
borhood, where the scaling approach is valid, has been
considered by Sanchez® and by Chu and Wang” (see also
refs 3 and 8). They generalized the ordinary scaling theory
of the liquid—gas critical point for the case when molecules
are long chains with N > 1. The results of these papers
were formulated in terms of the scaling combination of
parameters of the type eNY, where b = 0.313 % 0.004, while
¢ is the dimensionless deviation from the critical point T,
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Figure 3. Pair virial coefficient A; of chain—chain interactions,
normalized to the ideal Gaussian-coil volume, vs the reduced
temperature ¢ for the following realistic values of the chain

stiffness parameter:; VC/a®=0.05 (1),0.10(2),0.15 (3), and 0.20
(4). Dashed parts of the curves are simple interpolations between
the coil region, where we have used the perturbation theory
results,2and the globular region, where we have shown the results
of this paper.

but not from the 6- point; i.e.

€= (T,-D/Ty= (1,-1)(r,+1), 7=(T-6)/0

The form of the coexistence curve in ref 6 is valid for ¢ <
0.075/N°3, This strong restriction was weakened in ref 7
up to ¢ < 0.3/N%3, Nevertheless, these values of ¢ are
essentially insufficient for the globule range description,
which is of interest to us here.

Thus, now we consider the mean-field theory of polymer
solution precipitation, and we focus on the case when the
dilute phase consists of the suspended globules. Our theory
differs from the classical Flory—Huggins one with respect
to the single-chain free energy in the dilute phase only.
Really, the standard conditions of phase equilibrium
require the coincidence of polymer osmotic pressures (mp1)
and chemical potentials (up,) in both coexisting phases:

Tpol = (1'%#;,01 _fpol)c=cdﬂ = (j%”pol -f Wl)“‘%onc 9)

af ol af !
#Pol =N az. lcScdﬂ = Jva_!:’.oL=ce‘mc (10)

Here, we refer to the polymer solvent free energy per unit
volume as fp), and c is the average number of polymer
links per unit volume in dilute (cqy)) and concentrated (Ceonc)
phases. (Accordingly, ¢/N is the number of polymers per
unit volume.)

The concentrated phase, in the context of this paper,
can be considered as a “very large globule”, so that

c 'onc c T ¢ T,
Foot@lemc,,,, = T3 In 18+ “REF il Con) A1)

where

volapen) ey = (N/c)f*(c) = T(N/c)(Bc? + Cc)

single

is the single globule free energy in the so-called volume
approximation,'4 neglecting globule surface energy, which
is caused by chain finiteness. This approximation is just
valid for a macroscopic precipitate. Naturally, the ex-
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Figure 4. Phase diagram of a polymer solution for the following

typical values of the chain stiffness parameter: v/C/a3 = 0.05
(1),0.10(2),0.15 (3), and 0.20 (4). The solid curves are binodals,
and the dashed ones are spinodals. The dotted parts of the bin-
odal curves show schematically the critical point neighborhood,
where use of the mean-field theory is not valid.

pression in eq 11 is practically equivalent to the well-
known Flory-Huggins formula.?

However, a novelty of our approach concerns the dilute
phase which is nearly an ideal “gas” but consists of globules
instead of coils; therefore

FoOlorey = T 28 1 74, ()" 4 5,0 1)

Now we can use the results of the quantltatlve globule
theory for single-chain free energy Fiingle, as well as for
pair virial coefficient Aj.

Some technical details, concerning the solution of eqs
9 and 10, can be found in the appendix. The results,
representing the coexisting curve, i.e., binodal, on the phase
diagram in the globular range can be expressed as

-B/2C, c4y = Coppe X

cone

exp[T(FS,‘,’;{:""')(t) smgle(t))]

conc

2A
N2 cone exp[ Ygél:ppr)(t) - Fsingle(t))] (13)
where
I ] ad
Fg:g:ppr)(t) Fg:glaeppr)(cconc(t)) ="

\/_ @E*?

The function Fiingle(t) was calculated in our previous work;!
A; is described above.

As a rule, however, it is difficult to establish from an
experiment whether equilibrium or not quite equilibrium
phases are observed in one or another cases. This is why
the spinodal curve limit, as well as the binodal one, of
uniform phase stability is of interest. The general spin-
odal equation, as is well-known, is of the type

8°fpoi(c)/3c* = 0 (14)

Of course, the second virial approximation (eq 12) for fyq-
(c) is not sufficient for spinodal curve quantitative analyses.
Nevertheless, it can be used for the simplest estimation,
and this estimation is the only one available now. Sub-
stitution of the f,, expression (eq 12) into spinodal eq 14
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gives

cfhin) = —N/24, (15)
but it is really an overestimation so that

c$Pin) < —NJ/24, (158)

The phase diagram of a polymer solution is shown in
Figure 4 on asemilogarithmicscale for a few typical values
of the chain stiffness parameter V'C/a3. Solid and dashed
lines correspond to binodal curves (eq 13) and to spinodal
curves (eq 15), respectively.

In the fourth paper of this series we compare the phase
diagram of Figure 4 with some experimental results.

Appendix: Calculation of the Density
Distribution for Two Interacting Globules

Minimization of the effective potential (eq 5) with
respect to the density distributions n;(X) (¢ = 1 and 2)
with the above-discussed additional conditions leads to
the following equations:

(@%/8)Ay,(X) = [exp((** - \)/T) - 11¢;X)

n,(X) = ¢ 2(X) exp(u**/ T

N;= fni(X)d:’x

£= N () X dox - Ny (X)X d%| (AL

Here ¢;(X) can be considered as eigenfunctions, A stands
for Laplacian operator, and

I‘Li** = u*(n1+n2) - (EIX) (A2)

p*(n) depends on the total monomer density and is the
self-consistent field; it is determined by volume interac-
tions between monomers. The second term in eq A2 cor-
responds to the external uniform fields, which fix the
distance { between the mass centers of the two chains.

For { — =, i.e., E; = 0 and u;** = u*(n;), the equations
in eq Al are the same ones as those for a single globule.!4
This fact allows us to use the same virial expansion (neglect
of more than three-particie terms) and the same dimen-
sionless variables as in ref 1. Therefore, eqs Al and A2
take the following form:

Ax; =
X;[#,(2 - 3x) - 2",’()(12 + X22) + 3",'2()(12 + X22)2 - (én)]

5 = gty [ 1, 5(0) A = gty %) |

t,/t, = (Ny/N)'? (i=1and2) (A3)

Here we have used the following dimensionless variables:
(i) position vector r = X|B|/C1/2(a2/6)1/2 and the distance
between mass centers 6 = {{B|/C'/2(a?/6)'/2 (ii) parameter

x; defined so that A\; = p*(#;) = 24, TB + 3fil 2TC, where #;
= xB/C, and & = (B/ T)[C¥/%/ (~B)?) (a/6/%; (iiD) densities
x:2(r) = ny(X)/ .

Now we conmder two polymers that are the same not
only in chemical structure but alsoin N; = N,. This means
that t; = t5, »; = x5, and the spatial density distributions
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(x1(r) and x2(r)) are under mirror symmetry to each other
with respect to a plane, which is perpendicular to the line
connecting the mass centers of the two chains. This fact
allows us to decouple the equations in eq A3 (for two
macromolecules) into independent ones for every mac-
romolecule.

It is natural for the following calculations to use the
cylindrical coordinate system. Let us remind everyone
that for a single polymer chain the problem was of the
one-dimensional type because we have used the spherical
coordinate system. If z is the coordinate axis along the
line connecting the centers of our two chains and r is the
distance from a point to this z-axis, then

x,(r) = x;(r,2), Xa(r) = X1(7;2zo_2) (A4)

where 2z is the symmetry plane coordinate, which depends
on the zero-point choice only. Equation A3 can now be
rewritten as

# . 14 &
(ﬁ-* rar * 3z Z)X(r 2=
X(r,2) {x(2 - 3x) = 2x[x*(r.2) + x*(r,222)] +
3 x2(r,2) + x2(r,2zo—z)]2 —ez}

21rnt'2f0un J::xz(r,z) rdrdz=1 (A5)
21rxt'2f0°° f_:xz(r,z) rzdrdz=2,-6/2

with the following additional conditions: (1) dx/¢r|,=0 =
0; (2) x(r,2) decreases exponentially at r — « or (z — zg)
— *», where 2. is the mass center coordinate.

Equations A4 and A5 describe the density distribution
for every one of the two contacting polymer globules as a
function of the reduced temperature ¢t and the dimen-
sionless distance § in the inexplicit form, which, however,
is convenient for standard numerical computations.

Taking into account eqs 3, 4, and A1, the free energy (eq
2) of the two macromolecules can be written as

Four = 2NA = [ p*(ny+ny) d (A6)

where p*(n) = nu*(n) — f*(n) = TBn? + 2TCn? is the
pressure of the equivalent system of separate polymer links
without the ideal gas term. Of course, at the distance
between polymers { — = eq A8 corresponds to double the
free energy of a single macromolecule. Using the above-
introduced dimensionless variables, eq A6 takes the form
of eq 7 with

Fpm(t,a) = —6‘3/2;:{2(2 - 3x)t? - th[()(l2 + X22)2 -
2 (x> + x.)°1 d°1} (A7)

where eqs A4 and A5 are valid for the x; and x; functions.

The pair virial coefficient A, of chain—chain interaction
is described by eqs 1 and 8. For the globular range in our
dimensionless quantities the function k(¢,v/C/a3) (in eq
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8) is
h= _63/2t—4‘\/_ lf{l exp[_(z smgle(t) -

pai,a,a))] }d“a (A8)

For the coexistence curves of a polymer solution it is
convenient to use the dimensionless density

Y= (C/N)RGid3

and the parameter w = 63/2(\/C/a?). Then from eq 10 we
obtain

Yy = Yo + tw'/?Y, 2+ 207Y,

conc conc conc

Hence, for the concentrated region of the coexistence curve,

we have
conc 3/2{ [1 - —(1 - 6)] 1/2} (A9)

where ¢ = Yqi)/ Yconc Klisa negllglble parameter in the
globular and transition ranges that are under consider-
ation. It is natural that

Yoonciwo = —t/2u%? ~ — N2

For the dilute region from eq 9 or eq 13 we can obtain the
following expression:

Ydil = conc exP[ T( s:,:;ﬁappr)(t) -F mgle(t))]

(2)(63“)th(t,\/6/a3>[‘/—] Yoone X

exp[T(FtY.?;;””(t) smgl.,,(t»] (A10)

The spinodal curve in eq 15 (in dimensionless values of
this paper) takes the form

YE = (674 2)(VT/ad)A-t)ht,VC/a)]T  (AlD)
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